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ABSTRACT

For images degraded by significant noise with mixed Poisson-
Gaussian (PG) statistics, deconvolution or denoising methods
generally do not perform well if they consider only one type
of noise. We propose a novel method in a Bayesian frame-
work that simultaneously performs deconvolution, denoising
as well as super-resolution, to restore images with mixed PG
noise. Our model is based on a likelihood modeling the statis-
tics of PG noise, and a generative Markov random field im-
age prior. We approximate the likelihood using mixtures of
Gaussians, which allows defining a block Gibbs sampler for
efficient inference. The degraded images are restored through
a sampling-based scheme to approximate the Bayesian min-
imum mean squared error estimate. We have applied our
method to different types of synthetic images and real images
from a STED microscope. Experiments show that our method
can compete with state-of-the-art approaches.

Index Terms— Super-resolution, Deconvolution, De-
noising, Poisson-Gaussian Noise, Fluorescence Microscopy
Images

1. INTRODUCTION

Images acquired by photon-counting devices in applications
such as biology, medicine, and astronomy are usually de-
graded by noise with mixed Poisson-Gaussian (PG) statis-
tics and by blurring characterized by the system point spread
function. In previous work, besides denoising methods dedi-
cated to PG noise (e.g., [1, 2, 3]), methods for joint deconvo-
lution and PG denoising (e.g., [4, 5, 6, 7, 8, 9]) have been pro-
posed. Recently, Gazagnes et al. [10] proposed a joint super-
resolution and denoising method for single-molecule local-
ization microscopy (SMLM). However, there Poisson noise is
treated as additive Gaussian noise (by using a quadratic data
fidelity term).

Most of the methods mentioned above are formulated
within a maximum a posteriori (MAP) framework [3, 4, 5,
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6, 7, 10]. To achieve best performance, a regularization pa-
rameter which defines the trade-off between the data fidelity
term and the regularization term must be tuned manually. In
contrast to MAP, [1] and [8] avoid such problem by approx-
imating the minimum mean square error (MMSE) estimate.
More recently, Marnissi et al. [9] proposed a Bayesian de-
convolution method that computes the MMSE estimate and
the regularization parameter through variational Bayesian
approximation. In general, the usage of an application-
dependent regularization parameter suggests that common
regularizers (e.g., total variation) employed in these MAP-
based methods as well as in [9] are insufficient as a generative
image prior.

A Bayesian MMSE estimate, which is computed based on
the whole model distribution, exploits more information and
is statistically more sound than an MAP estimate. However,
computing the MMSE estimate is generally difficult for non-
convex problems. In methods for denoising and deblurring for
additive Gaussian noise [11, 12], a trained non-convex prob-
abilistic generative image prior is used and the MMSE esti-
mate is approximated by averaging model samples based on
an efficient block Gibbs sampler. As the MMSE estimation
operates in a purely generative setting, a regularization pa-
rameter is not needed. However, this efficient Gibbs sampler
cannot handle the case of PG noise due to the more complex
statistics.

In this paper, we propose a Bayesian deconvolution and
denoising model for mixed Poisson-Gaussian noise and de-
termine the MMSE solution. We explore the statistics of
PG noise and find that its distribution can be well approx-
imated using mixtures of Gaussians (MoGs). A generative
high-order Markov random field (MRF) image prior in [13] is
employed and a regularization parameter is not needed. The
MoG-based likelihood (data fidelity) and the Gaussian scale
mixture (GSM)-based prior allow to augment the model using
hidden variables and define an efficient block Gibbs sampler.
The degraded images are restored using the MMSE estimate
that is approximated by averaging multiple samples from



our probabilistic model. We also integrate super-resolution
into our model framework and simultaneously achieve super-
resolution, deconvolution, and denoising. We have applied
our approach to different types of synthetic data and per-
formed a comparison with previous methods. Experiments
demonstrate that our joint method is superior to a sequential
scheme, and that the deconvolution performance can compete
with state-of-the-art methods. Our method is also applied to
real microscopy images of telomeres acquired via stimulated
emission depletion (STED) nanoscopy.

2. METHOD
2.1.

We formulate image restoration from a single image based on
the posterior distribution in a Bayesian framework

Model formulation

p(x]y) < p (y[x:©) - po(x;Q), (1)

where y € R¥ is the given degraded image (noisy, blurry,
low-resolution), x € R"N is the image to be restored (with a
scaling factor 7 in case of super-resolution), and ® and 2 are
the likelihood and prior parameters, respectively.

The likelihood model. For the case of Poisson-Gaussian
noise, the intensity of each pixel y; of the observed image y
can be modeled as y; = at; + n;, where ¢; follows a Poisson
distribution

t; ~Po (2(S(k*x));)

= Po ((2Hx);) := Po(%;), (2)

and H is the matrix representing the convolution of x with
some point spread function k and down-sampling by S €
RN xr*N , « is a gain factor that controls the Poisson noise
strength, and n; ~ N (un, 0121) is additive Gaussian noise.

We assume that pixels in y are conditionally independent.
The likelihood model can then be written as
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The prior model. We use the filter-based, high-order Markov
random field (MRF) image prior in [13]:

259 o [T TT, ¢ ((ferx)iswon), “)
where £}, are linear filters and “x”” denotes convolution. Filter-
specific functions @Z)( Jw k) with parameters wj, are potential
functions represented by Gaussian scale mixtures (GSMs)
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Fig. 1. Likelihood values p(y;|Z;) of (7) w.rt. &; (black,
solid) for y; = 20 with o = 2, pu,, = —15, and o, = 10.
Model fitting using a mixture of Gaussians with three com-
ponents (blue, dotted) is more accurate than using a Gaussian
(red, dashed). “kld” means KL-divergence (a smaller value
corresponds to a better fit).
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where wi; > 0,3, wi; = 1 are the mixture weights of the
zero-mean Gaussian components with scales s; and base vari-
ance o7. The model parameters © = {f},wy;} (filters and
GSM weights) can be learned unsupervisedly from training

images (see [13] for details on the learning procedure).

2.2. Sampling-based inference
To restore the image x from the degraded image y, we use the

Bayesian minimum mean squared error (MMSE) estimate X:

argmin [ % - x|p(xly: ©, )ix = Elxly),  6)

which is equivalent to the mean of the posterior distribution
(1). As there is no closed form expression for the MMSE es-
timate of our model, we use a sampling-based approximation.
Given y, the likelihood p(y;|Z;) is a function of &;, which
has an asymmetric bell shape (Fig. 1, the black solid curve).
We can well approximate the model likelihood by fitting these
functions using general mixtures of Gaussians (MoGs):

M

p(yilz:) o< p(Zi i) = Zj:1 Tyej - N (Zis fiy,js 03,5) s (1)

where 7,,; > 0, ji.; and 5,2j are the means and variances of
the Gaussian components, respectively. Since in practice the
value of y; is usually within a finite set (or can be discretized
for real values), the Gaussian mixture parameters can be ob-
tained in advance before inference. Note that (7) is different
to the Gaussian scale mixture models in (5).

In [11, 12], the scales of the GSMs in (5) are retained as
hidden random variable z;, € {1, ..., W} such that p(x; 2) =
>, (z,x;82), allowing to define a rapidly mixing auxiliary-
variable Gibbs sampler. In our case, we further augment
the mixture model in (7) using the hidden variable h; €
{1, ..., M'}, which represents the index of the Gaussian mix-

ture component, such that p(x;y) = >, p(h,x;y). The
following conditional distributions can be derived

p(hilx,yi) Tyih; 'N((éHX)i;ﬁyihw&;ihi)v (®)
P(2ik|X) X Wz, ~N((fk*x)i; 0, szika,z), 9)



Algorithm 1 Sampling-based MMSE estimate approximation

1: initialization of x(©) € ]RTZN;

2: fort =1,2,...do

3. sample h ~p(h|x*~Y) y) according to (8);

4 sample z(*) ~ p(z|x* =) according to (9);

5: update bm, Q(t) and @ in (10);

6:  sample x) ~p(x|z®, W y) according to (10);

7 if t > B then > B: no. of burn-in iterations
8 compute X = =5 ZZ:B_H éE(i)HTQ(i)bm;

9 if |x® —x*~V| < then

0 return x*);

p(x|z,h,y) o< p(y|x,h) - p(x|z)
X HlN((éHX)H Heyihi> O'qihi)

LI V(% 0, 52.07) (10)
x N(1Hx;b,Q ") - N(x;0,P71)
x N (x; 2ZH'Qb, %),

where f;, is defined as £}, x = (f,%x);, b = [..., iy i, -] T
Q= diag{l/&iim}, P=3Y.>, mfikf; and
¥ = (LZHQH+P) .

We can then define a rapidly mixing block Gibbs sampler
that alternatively samples h, z, and x according to Egs. (8,
9, 10) respectively, which is very efficient as (8) and (9)
are discrete distributions conditionally independent to each
other given y and (10) is a multivariate Gaussian that can be
sampled through solving a linear system of equations. The
MMSE estimate X can be approximated by averaging multi-
ple samples of x. To achieve faster convergence, instead we
average the conditional expectations from (10) during Gibbs
sampling, which is called Rao-Blackwellized estimation [14].
Algorithm 1 provides the pseudo-code of the sampling-based
MMSE estimate approximation. Note that it is straight-
forward to parallelize sample drawing by running multiple
samplers, which can further greatly improve the efficiency of
inference.

3. EXPERIMENTS

We applied our method to both natural images and fluores-
cence microscopy images. For the prior model, we use the
3 x 3 MRF with 8 filters learned from natural images in [13].
We also studied retraining the parameters using fluorescence
microscopy images. However, it turned out that this does not
improve the result. The reason is probably that microscopy
images have similar local image structures as natural images.
For the likelihood model, unless otherwise mentioned, we use
MoGs with three components. Image noise parameters o, jin,
o, and H are assumed to be given (for synthetic data) or are
estimated from the images. No additional parameters need to
be tuned. For a performance comparison, we choose popu-
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Table 1. Denoising results (PSNR in dB) for test images with
different noise parameters.

Poiss. param. « 1 2 5
Gauss. param. o, | 10 [ 20 10 [ 20 10 [ 20
Method Crym 256 X 256

Noisy input 25.74 | 21.59 | 24.22 | 20.97 | 21.53 | 19.56
PURE-LET [1] 29.77 | 27.31 | 28.84 | 26.95 | 27.23 | 26.09
Ours (M =1) 29.83 | 27.36 | 28.84 | 26.97 | 27.09 | 26.05
Ours (M =3) 29.87 | 27.39 | 28.90 | 27.01 | 27.27 | 26.14
Method Moon 512 x 512

Noisy input 26.13 | 21.99 | 24.51 | 21.31 | 21.69 | 19.76
PURE-LET [1] 29.67 | 26.85 | 28.77 | 26.56 | 27.34 | 25.92
Ours (M =1) 29.76 | 27.32 | 28.87 | 27.12 | 27.00 | 26.18
Ours (M =3) 29.85 | 27.40 | 28.98 | 27.26 | 27.36 | 26.45
Method Fluocells 512x 512

Noisy input 26.92 | 22.44 | 25.68 | 21.98 | 23.19 | 20.79
PURE-LET [1] 33.92 | 30.50 | 33.25 | 30.27 | 31.97 | 29.91
Ours (M =1) 34.09 | 31.26 | 33.45 | 31.35 | 31.67 | 30.83
Ours (M =3) 34.18 | 31.36 | 33.56 | 31.44 | 32.12 | 31.00

(a) Original (b) Noisy

(c) PURE-LET [1] (d) Our method

Fig. 2. Restoration of Fluocells (cropped) degraded by PG
noise (=05, i, =0, oy =20).

lar denoising and deconvolution methods with authors’ code
available.

Denoising. In this case, H is set to an identity matrix. As can
be seen from Tab. 1, using mixtures of Gaussians (3 compo-
nents) for likelihood approximation yields a gain of the peak
signal-to-noise ratio (PSNR) up to 0.45dB compared to a sin-
gle Gaussian, which suggests that the accuracy of likelihood
modelling is crucial for the performance. Our method outper-
forms the popular Poisson-Gaussian denosing method PURE-
LET [1] and generates less artifacts in the restored images,
especially when the noise strength is large (see Fig. 2).
Deconvolution. Here H is a convolution matrix generated
from a blur kernel. Tab. 2 and Fig. 3 show that our method
outperforms GILAM [15], which is a deconvolution method
for Poissonian images. GILAM fails when the Gaussian noise
part of the PG noise gets stronger. Compared to the method
in [5] (using their settings), our method is slightly better (less
outlier pixels in the restored image, see Fig. 4).
Super-resolution. When using a Gaussian blurring and
downsampling matrix for H, our method can perform super-
resolution and denoising simultaneously. Fig. 5 shows a
comparison of our joint scheme and a sequential scheme of
denoising (our method with H as identity matrix) followed
by bicubic interpolation. It can be seen that our joint scheme
yields sharper image edges.



Table 2. Deconvolution results (PSNR in dB) for Gaussian
blur with variance 3 and different noise parameters.

Pois. param. o 1 5

Gaus. param. o, 0 [ 10 0 [ 10
Method Cameraman 256 X 256
Input 2234 | 21.36 | 18.79 | 18.36
GILAM [15] 25.50 | 23.00 | 23.69 | 23.50
Our method 25.70 | 25.08 | 24.35 | 24.12
Method Crym 256 x 256

Input 23.86 | 22.49 | 20.66 | 19.98
GILAM [15] 25.87 | 22.38 | 23.74 | 23.51
Our method 26.17 | 25.50 | 24.73 | 24.49
Method Fluocells 512 x 512

Input 28.92 | 25.84 | 23.87 | 22.72
GILAM [15] 31.20 | 22.93 | 29.13 | 27.97
Our method 32.84 | 31.55 | 30.51 | 30.40

(a) Original (b) Blurry and noisy (c) GILAM [15] (d) Our method

Fig. 3. Deconvolution of Cameraman (cropped) degraded by
Gaussian blur (62 =3) and PG noise (=15, ji, =0, 0, = 10).

(b) Blurry and
noisy, PSNR = 18.16

(a) Original (c) Method in [5],

PSNR =24.59

(d) Our method,
PSNR = 24.67

Fig. 4. Deconvolution of Crym (cropped) degraded by Gaus-
sian blur (02=0.25) and PG noise (a=4.25, ji,=0, 0,=25.5).

Real microscopy images. In practical applications, when the
noise parameters are not available, they can be directly esti-
mated from the original images using different methods (e.g.,
[16, 17]). We performed joint super-resolution (factor of two),
deconvolution, and denoising on real microscopy images of
telomeres acquired with an easySTED system [18]. Examples
are shown in Fig. 6. Noise parameters o ~ 3.2 and o, ~ 4.9
were estimated using [17]. It can be seen that the noise as
well as the blur have been significantly reduced. The resolu-
tion of the resulting images after applying our joint method is
a factor of two higher compared to the original images. We
employed these images for segmentation and shape analysis
of telomeres using the model fitting approach in [19]. The
model in this approach is based on a Fourier representation,
and by fitting the model to an image the Fourier coefficients
are determined. We applied the model fitting approach both to
the original images and the high resolution images. It turned
out that for the high resolution images from our joint method,
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(a) Downsampled with
noise, (128x128)

(b) Restored, (256x256), (c) Restored, (256x256),
PSNR = 24.35 PSNR = 24.63

Fig. 5. Super-resolution (2x) and denoising of Crym using
our method. PG noise (o =1, pu, =0, o, = 10) is applied to
the downsampled image. (b) Denoising followed by bicubic
interpolation; (c) Joint super-resolution and denoising. PSNR
is computed based on the original image.

Fig. 6. Super-resolution (2x), deconvolution, and denoising
of STED microscopy images using our method. (7op) origi-

nal images; (Bottom) restored images. Noise parameters are
estimated using [17]: o~ 3.2 and 0,,~4.9.

the Fourier coefficients reflecting the shape were determined
more robustly and accurately compared to using the original
images. This is important for distinguishing different experi-
mental conditions.

4. SUMMARY

We introduced a Bayesian method for joint super-resolution,
deconvolution, and denoising of images with mixed Poisson-
Gaussian noise. Degraded images are restored using MMSE
estimation. Our main contributions are: 1) Exploration of
the statistics of Poisson-Gaussian noise and usage of mix-
tures of Gaussians to approximate the likelihood; 2) Use of
a generative probabilistic image prior; additional parameters
are not needed; 3) Design of an efficient Gibbs sampler for
inference to determine the MMSE estimate; 4) Integration of
super-resolution into our model. Note that our method uses
an application-neutral generative image prior, and thus can be
straightforwardly adapted to image restoration problems with
arbitrary linear operator as well as other types of noise.
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